Practically realizable non-ideal measurements cost energy and result in measurement devices that are not perfectly correlated with the measured systems. Here, we investigate the consequences for the estimation of work in non-equilibrium processes. We show that work estimates and their statistical moments obtained via non-ideal measurements inevitably deviate from their ideal expectations. While this leads to a violation of Crooks' theorem, the measurements may be chosen such that Jarzynski's flucation relation is maintained.
Energy is a resource and, as with any resource, it is of interest to understand how much of it is spent or can be obtained during a given process, or simply, how much of it one has available, for instance, stored in a battery. A quite different resource that one encounters on a daily basis is money. Money does not usually come for free, it is exchanged for goods and services, and one is generally interested in knowing how much things cost and how much money one has at hand, e.g., stored in a wallet or bank account. But while checking the exact amount of money (or lack thereof) in one's wallet is free, it is not unusual to expect that banks charge certain fees for storing and transferring money. Unfortunately, when it comes to energy, Nature is similarly unforthcoming as banks are with money. Fees apply to the storage and transfer of energy. More precisely, as we show here, an energy cost is incurred for obtaining estimates of the work that is transferred in any (thermodynamic) process, or stored in any given quantum system.
To formulate these ideas we adopt a resource-theoretic view on quantum thermodynamics: work is considered as a central resource that is required in order to move systems away from freely available thermal equilibrium states [1] . This approach provides a staging ground for a diverse range of investigations within the broader field of quantum thermodynamics [2] [3] [4] . For instance, previous research has investigated the work cost (or gain) of quantum processes [5] [6] [7] [8] [9] , refrigeration [10] , or for establishing correlations [11] [12] [13] [14] .
Here, we focus on the work cost of measurements, which is crucial for a complete understanding of Maxwell's demon and Szilard's engine [15, 16] and can be traced back to the third law of thermodynamics: Zeroentropy states can only be prepared asymptotically using infinite time, infinite energy, or operations of infinite complexity, see, e.g., [17] . Meanwhile, the projection postulate of quantum mechanics purports that ideal projective measurements result in zero-entropy pure states. Previous attempts to quantify the work cost of ideal projective measurements have provided finite lower bounds via the work value of measurement outcomes [18] [19] [20] or Landauer's erasure bound [21, 22] for resetting memories storing the outcomes [23] [24] [25] . Benefits derived from using measurements as sources of free energy are hence matched or surpassed by the corresponding costs [23, 26, 27] . Indeed it is clear (albeit sometimes ignored [28] [29] [30] ) that energy delivered by measurements is not free of cost since it must be supplied to realize the measurement in the first place. However, ideal projective measurements cannot exist in a strict sense since they always incur diverging costs [31] , implying that any realistic measurement using finite resources is non-ideal. The practically relevant problem is therefore to quantify the finite work cost of non-ideal measurements.
In this paper, we investigate the consequences of the intrinsic imperfection of measurements on the quantification of work and its fluctuations in thermodynamic processes. The standard approach for estimating work performed on or extracted from a quantum system during an out-of-equilibrium process is the two-point measurement (TPM) scheme [32] . We show explicitly how the average work of the ideal TPM is modified for nonideal measurements and discuss the operational meaning of the corresponding estimates. Our results provide a quantification of the trade-off between the cost of obtaining information about work and the trustworthiness of this information. We further extend our investigation to the role of non-ideal measurements in quantum fluctuation relations [33] [34] [35] [36] [37] . In particular, we focus on the celebrated fluctuation theorems by Jarzynski [38] and Crooks [39] , which can be lifted from statistical mechanics to the quantum domain by way of the ideal TPM [35] . We show that, while Jarzynski's equality can be maintained exactly at the expense of an additional work cost depending only on the system's energy scale, the more general relation due to Crooks no longer holds in the presence of non-ideal measurements. However, taking into account extra costs and adjustments, both of these important relations still provide exact statements about work and its fluctuations in out-of-equilibrium processes in terms of equilibrium free energy differences, despite the mismatch between the work estimates based on ideal and non-ideal measurements.
Two-point measurement scheme. Consider a quantum system with Hamiltonian H ) and β = (k B T ) −1 . Suppose the system is driven out of equilibrium by a process Λ:
and a final state ρ
where U Λ is a unitary determined by Λ. The work that is performed on or extracted from the system during such a process can be estimated via the two-point measurements (TPM) scheme [32, 35] consisting of two ideal projective measurements w.r.t. the eigenbases of H (0) and H (f) before and after the protocol Λ is implemented, respectively. After obtaining the outcomes labelled by "m" and "n" in these measurements one concludes that the system is left in the states E (0) n ⟩ and E (f) m ⟩, respectively. To any transition between these pure states one may associate a probability
n , while the probability for obtaining the first outcome is p
. The average work performed during the protocol is thus
which equals the change in average energy during the protocol Λ, i.e.,
) =∶ ∆E Λ . Estimates of ⟨W ⟩ Λ could thus be obtained from performing ideal measurements and collecting the corresponding outcome statistics. In the following, we will show how the quantity ⟨W ⟩ Λ in Eq. (2) and its estimate are modified when replacing the two ideal measurements in the TPM by more general non-ideal measurements (see Fig. 1 ).
Non-ideal measurements. The notion of perfect projective measurements that leave the system in pure states with certainty is of course highly idealized. Measurements are performed by coupling the measured system to a suitable measurement apparatus (the "pointer") via the investment of energy. Unless infinite time or operations with infinite interaction range are available, this energy cost diverges for any ideal measurements [31] . Since ideal projective measurements require the preparation of initially pure pointer states, this can be understood as a consequence of the third law of thermodynamics, which prevents achieving the ground-state of any system with finite resources [10, 17, [40] [41] [42] [43] . Nonetheless, non-ideal measurements using finite resources may approximate ideal projective measurements arbitrarily well in the presence of finite-temperature environments [31] .
Work estimation using two non-ideal measurements. To estimate the work done on or extracted from a system during a process Λ, two measurements are carried out before and after the process occurs. The respective outcomes labelled "n" and "m" allow concluding that the system is left in states ρ (0) n and ρ (f) m n . In the TPM scheme [32], these states are (pure) eigenstates of the system Hamiltonian. For nonideal measurements modelled by unitaries U0 and U f coupling the system state to pointers originally in thermal states τS, ρ More precisely, consider an arbitrary system state ρ S in finite dimension d S , to be measured in the energy eigen-
i=0 . The system interacts with the measurement apparatus, represented as a finite-size pointer with Hamiltonian H P and dimension d P that is initially in a thermal state τ P = exp(−βH P ) Z P . The interaction can be modelled by a suitable unitary evolution U meas leading toρ SP ∶= U meas (ρ S ⊗ τ P )U † meas investing energy ∆E meas = Tr (H S +H P )(ρ SP −ρ S ⊗τ P ) in the form of work. Following [31] , by properly choosing U meas an unbiased maximally correlated (UMC) measurement with a finite energy cost can be realized. A measurement is called unbiased if the probability p n for any (post-interaction pointer) outcome n matches the corresponding probability ⟨ E n ρ S E n ⟩ of the initial system state for being in state E n ⟩. Here, we will take this property to be the minimum requirement to meaningfully speak about a measurement.
However, in non-ideal measurements the pointer outcomes and post-measurement system states are not perfectly correlated. This can be quantified by function
where Π i are orthogonal pointer projectors associated to different outcomes. The value of C(ρ SP ) represents the average probability of correctly inferring the postmeasurement state upon observing the pointer. While C(ρ SP ) = 1 for ideal measurements, the maximal correlation that is unitarily achievable in non-ideal measurements is strictly less than one, and given by the sum of the largest
eigenvalues of τ P . The conditional post-measurement system state for outcome n can be written as ρ n = ∑ l,l ′ q ll ′ n E l ⟩⟨ E ′ l . Here the coefficients q ll ′ n are independent of the initial system state ρ S and satisfy ∑ l q ll n = 1. For UMC measurements we further have q nn n = C max ∀n, while some off-diagonals disappear, q nl n = q ln n = 0 ∀l ≠ n. By further restricting to UMC measurements with minimal energy we have q ll ′ n = 0 ∀l ≠ l ′ . This implies a back-action on the measured system, whose unconditional state after minimal energy UMC measurement is given byρ S = ∑ n p n ρ n = ∑ n,l q ll n p n E l ⟩⟨ E l . For further details see the Appendix.
Estimating work with non-ideal measurements. The unavoidable imperfection of non-ideal measurements has interesting immediate consequences for work estimation using an appropriately modified TPM scheme, where ideal measurements are replaced by non-ideal minimal energy UMC (see Fig. 1 ). First, obtaining a work estimate is accompanied by a non-negative extra work cost. In other words, the procedure of checking how much work is spent or extracted during a particular protocol itself costs work. The specific (average) work ∆E meas depends on the Hamiltonian H S +H P , initial state ρ S , temperature, and the association of the states E i ⟩ S with the projectors Π i , but has a finite positive minimum value ∆E min meas > 0. This measurement cost needs to be considered and may even significantly outweigh the ideal expectation ⟨W ⟩ Λ .
Second, since the system is disturbed by the measurement-induced backaction, the conditional postmeasurement states ρ n are no longer eigenstates E n ⟩ of H S , and the unconditional final state of the non-ideal TPM scheme is no longer given by ρ (f) in Eq. (1). Meanwhile, the probability for any outcome of an unbiased measurement depends only on the pre-measurement system state. Consequently, the probabilities p n of the first measurement are unchanged, but the conditional probability to obtain outcome n in the second measurement given outcome m in the first measurement is
ll n ≠ p n → m . This means that the work estimate ⟨W ⟩ non−id obtained within the non-ideal TPM scheme by (erroneously) associating outcomes n and m with energies E (0)
and generally does not match its ideal value ⟨W ⟩ Λ from Eq. (2). More specifically, one finds
The deviation of the estimated work ⟨W ⟩ non−id obtained in any realistic finite-resource setting from the ideal value ⟨W ⟩ Λ in the standard TPM scheme is thus characterised by two values: a modifying prefactor C max < 1, along with an additional term which may be either positive or negative. Meanwhile, the above quantity ⟨W ⟩ non−id should also not be confused with the total work performed on the system or with the system's change in average energy ∆E non−id . The latter can be expressed as
and generally contains contributions associated with work done on the system and heat transferred from the pointer to the system. Let us here make two observations. First, generally the work estimate ⟨W ⟩ non−id does not match either the ideal work estimate ⟨W ⟩ Λ = ∆E Λ , the actual work done on the system, or the change in average energy ∆E non−id . Second, while ∆E non−id captures the average energy change of the system, the average energy change of the pointer is not yet included and has to be considered separately [31] . These costs depend on the specific dimension of the pointer and the structure of its Hamiltonian, which in turn determine the maximally achievable correlation. Ideal measurements can be approached by increasing the pointer dimension (e.g., measuring a qubit by an N -qubit pointer and increasing N ), or by cooling the pointer to a smaller but non-vanishing temperature (using a desired refrigeration paradigm [10] ), while simultaneously increasing the corresponding work cost of the measurement [31]. In the limit C max → 1, requiring infinite time, infinite energy, or infinite control (e.g., N → ∞) one also recovers
Fluctuation relations. Besides work estimates, higher statistical moments of work are relevant in many contexts, from the study of quenched quantum many-body systems [44, 45] Here we are interested in exploring whether such universal relations are recovered within the non-ideal TPM scheme. In particular we explore the statistical properties of the work estimate ⟨W ⟩ non−id . Let us first focus on the Jarzynski equality [38] for which we calculate the quantity of interest ⟨e −βW ⟩. Using the properties of the non-ideal TPM scheme we obtain
where we have introduced the correction term
], and ∆F ∶=
) is the difference in Helmholtz free energies between the initial state and the thermal state τ ll n in Eq. (8) needs to be doubly stochastic (unital measurements) in order to recover Jarzynski's relation. This is in line with the fact that for generic evolution maps within the ideal TPM scheme, the relation of Jarzynski and Crooks [39] only hold for unital maps [52] [53] [54] . However, when replacing ideal projective measurements by more general ones, more stringent conditions may be needed [36, 37] .
However, we observe that minimal energy UMC measurements do not correspond in general to doubly stochastic conditional probability matrices (except for the special case of single-qubit pointers, see the Appendix). This can be understood in the following way: For minimal energy UMC measurements, all elements of the post-interaction stateρ SP that depend on the outcome probabilities ρ ii = ⟨ i ρ S i ⟩ can be collected in a correlation matrix with entries Γ ij that are themselves diag-
with the property Tr(Γ ij ) = ρ jj q ii j . Unbiasedness fixes the entries of each column of Γ such that ∑ i Tr(Γ ij ) = ρ jj , and maximal correlations imply q ii i = C max . Minimal energy then means that the remaining q ii j for i ≠ j within each column are ordered such that q ii j ≥ q kk j ∀k ≥ i with k ≠ j. This is generally not compatible with row sums ∑ j q ii j = 1 required for q ii j to be doubly stochastic. However, ∑ j q ii j = 1 can be achieved while maintaining unbiasedness at fixed C max by appropriately rearranging the elements q ii j for i ≠ j. This can be done at the expense of increasing the measurement cost away from its minimum, but because such permutations would occur between elements within the same respective column, the additional cost is independent of the pointer Hamiltonian and depends only on the energy scale of the system. By accepting an increase of their already nonzero energy cost, non-ideal measurements may thus be minimally invasive, i.e., UMC and satisfy Jarzynski's relation.
Crooks' theorem [39] relates the probabilities P F (W ) to perform some work during a realisation of the TPM scheme and P B (−W ) for extracting the same amount of work in the time-reversed protocolΛ:
The quantity W − ∆F is usually referred to as the dissipated work, the work which is lost when the final state of the TPM after the protocol, ρ (f) in Eq. (1), relaxes back to equilibrium at temperature T . As we discuss in detail in the Appendix, Crooks' relation (9), unlike Jarzynski equality, is not recovered in the non-ideal TPM scheme even for minimally invasive UMC measurements where q are double stochastic. Equation (9) expresses the fact that finite-time processes that drive systems out of equilibrium are irreversible, implying that the consumed work is unlikely to be recovered when reversing the protocol. This irreversibility can be captured [55] by the average of the dissipated work appearing in Eq. (9), related to the entropy production during a hypothetical relaxation of ρ (f) to the thermal equilibrium state τ (f) [54, 56] quantified by the relative entropy
) ≥ 0 [57, 58]. When the measurements for determining this dissipated work are non-ideal, additional entropy is produced, implying more energy is dissipated in the final relaxation. The average estimated work performed on top of the free energy changes is then
),
whereρ (f) is the unconditional final state and ∆S = S(ρ
) is the change in von Neumann entropy in the non-ideal TPM scheme. However, the non-negativity of β (⟨W ⟩ non−id − ∆F ) and its interpretation as entropy production is only warranted for unital measurements (doubly stochastic q ll n ), for which the von Neumann entropy cannot decrease [58], i.e., ∆S ≥ 0. When ideal projective measurements are considered, the usual dissipated energy for irreversible processes [55] is recovered.
Discussion. We have studied the consequences of fundamentally unavoidable measurement imperfections on the estimation of work and its fluctuations in out-ofequilibrium processes. Non-ideal measurements lead to a mismatch between the obtained estimate ⟨W ⟩ non−id based solely on the detector outcomes, the desired ideal estimate ⟨W ⟩ Λ , and the actual work performed on the system during the non-ideal TPM. In addition, an energy cost is incurred for operating the measurement apparatus. This leads to the observation that the process of estimating work itself has a work cost, which increases with increasing precision of the estimate, i.e., the closer ideal measurements are approximated. Moreover, we find that the statistical properties of the non-ideal estimate ⟨W ⟩ non−id are modified. While the celebrated Jarzynski relation may be recovered exactly by imposing specific conditions on the measurement scheme, the more general Crooks theorem no longer holds. However, we give a precise connection between the non-ideal work estimate and the entropy production in the TPM.
These results are of particular relevance for work extraction, where costs for estimating the extracted work of the order of the extracted work itself dramatically limit the usefulness of the procedure. Conceptually, our results can be seen as a constructive resolution of the perceived shortcomings of the TPM discussed in [56] . It might also be interesting to consider work estimates as well as Jarzynski's equality and Crooks' theorem in more general contexts, such as including feedback control strategies [59, 60] .
Our results about the validity of the Jarzynski equality and Crooks' fluctuation theorem for the non-ideal TPM scheme are in agreement with very recent results reported in Ref. [61] , which appeared during the final stages of preparing this manuscript. 
APPENDIX
In this appendix, we provide more details on the mathematical model for non-ideal measurements from Ref.
[31] and its application for work estimation. In Sec. A.1, we describe the properties of the important class of unbiased maximally correlated (UMC) measurements, as well as of minimal energy UMC measurements. In Sec. A.2, we give a detailed derivation of the joint probability for the measurement outcomes in the TPM scheme [32, 35] using nonideal measurements. We then derive the corresponding work estimate in Sec. A.3 and the change in average energy throughout the estimation process in Sec. A.4. Finally, we discuss the consequences for fluctuation theorems: In Sec. A.5, we discuss the modification of Jarzynski's relation, while Sec. A.6 explains why Crooks' theorem generally no longer holds in the presence of non-ideal measurements.
Appendix A.1: Non-Ideal Projective Measurements
We consider a measurement of a system described by an unknown quantum state ρ S ∈ D(H S ), where D(H S ) represents the set of density-matrices over the Hilbert space H S . We model the measurement as an interaction between the system and a measurement apparatus (pointer) described by a quantum system with Hilbert space H P . We consider the pointer to be initially described by the thermal state τ P (β) = exp(−βH P ) Z P , with β = (k B T ) −1 and Hamiltonian H P , while system and pointer are correlated by a unitary U meas ∈ U(H S ⊗ H P ). This ensures that the initial state of the pointer does not contain any extractable work and all work supplied to the joint system can be identified with the overall change in average energy due to the unitary transformation, resulting in a post-measurement stateρ
Within the pointer Hilbert space, different subspaces are assigned to represent the different measurement outcomes. More specifically, if the system of dimension d S is to be measured in the basis { n ⟩} n=0,...,d S −1 , then a set of orthogonal projectors {Π n } n=0,...,d S −1 on the pointer Hilbert space is chosen to represent these outcomes, such that ∑ n Π n = 1 P and Π m Π n = δ mn Π n for all n. The general setup is illustrated in Fig. A.1 . We then define an ideal measurement to have the following three properties, ideal measurements are:
(i) Unbiased: The (post-interaction) pointer reproduces the measurement statistics of the (pre-interaction) system exactly. Mathematically, we express this as
(ii) Faithful: The post-interaction pointer and the post-interaction system are perfectly correlated w.r.t. the measurement basis (projectors), that is,
In other words, given a measurement outcome n, the probability that the system is left in the state n ⟩ S is 1.
(iii) Non-invasive: The diagonal entries (w.r.t. to the measurement basis) of the pre-measurement system state and the unconditional post-measurement system state are the same, i.e.,
Conversely, any measurement not satisfying all of these properties is called non-ideal. In particular, it was shown in Ref.
[31] that the third law of thermodynamics implies that ideal measurements are not practically exactly realizable. However, ideal measurements can be approximated by non-ideal measurements that are still unbiased but fail to be perfectly correlated or non-invasive. To provide unbiased measurement via unitary interactions U meas , the pointer The system in an initial state ρS interacts with the pointer originally in a thermal state τP by means of unitary Umeas. The probability for obtaining a measurement outcome n is pn, and the post-measurement system state conditioned on having obtained outcome n is ρn.
dimension needs to be chosen as an integer multiple of the system dimension. Making this assumption, we thus obtain measurements where the probability to obtain a pointer outcome n is p n = ⟨ n ρ S n ⟩. The post-interaction system state ρ n conditional on observing outcome n is now generally a mixed state, but need not be diagonal w.r.t. the measurement basis. That is, the conditional state can be written as
where q ll n is the conditional probability of finding (in another, hypothetical ideal measurement) the system in the pure state l ⟩ provided that the measurement outcome of the pointer was n. Here, it is important to note that, while the probabilities p n only depend on the pre-measurement system state, the conditional states ρ n (and, hence the coefficients q ll ′ n ) do not depend on the (pre-measurement) system states at all. Within the set of unitaries U meas that realize unbiased measurements, one may further restrict to those unitaries which achieve the maximal algebraic correlation C(ρ SP ) = C max for a given initial temperature and pointer Hamiltonian. This maximal value C max < 1 is given by the sum of the largest d P d S eigenvalues of the initial thermal pointer state τ P . We refer to measurements of this kind as unbiased maximally correlated (UMC) measurements. For such measurements, the above observations about p n and ρ n are still correct, but while some of the off-diagonals of ρ n are more restricted, q nl n = q ln n = 0∀l ≠ n, the diagonal elements in the correlated subspace are maximal, i.e., q nn n = C max ∀ n.
One may further restrict the set of considered unitaries U meas by demanding that one of the following properties holds:
1. Minimal energy: The measurement implemented by U meas achieves the algebraic maximum of correlations and spends the least amount of energy as compared with all other unitary operations achieving C max , i.e.,
A clear requirement in order to spend the minimum amount of energy in the measurement process is not to waste energy on creating coherences, which means thatρ
2. Minimally invasive: The measurement is called minimally invasive if the matrix with elements q ll n is doubly stochastic
As we will see in Sec. A.5, minimal energy UMC measurements are generally not minimally invasive (except for the special case where the measured system is a qubit, d S = 2). However, one may restrict to minimally invasive UMC measurements and minimize the energy cost within this more narrow set. The resulting difference in work cost between minimal energy minimally invasive UMC measurements, and minimal energy UMC measurement can be bounded by the maximal energy gap of the system. More importantly for the following considerations here, the conditional states ρ n are diagonal also for minimal energy minimally invasive UMC measurements, i.e., Eq. (A.1.7) still holds in this case. With this knowledge at hand, let us now turn to the application of non-ideal measurements to the problem of work estimation via the TPM scheme. The estimation of the work performed/created during the process (
) can be calculated by means of the so called two projective measurement (TPM) process [32, 35] , which consists of two steps. In the first, one performs a projective measurement on τ (0) in the eigenbasis { E (0)
n ⟩} n=0,...,d S −1 of the initial Hamiltonian H (0) , obtaining an outcome n. Then one lets the resulting post-measurement system state evolve under the action of U Λ . In the second step, a second projective measurement is performed in the eigenbasis { E (f) n ⟩} n=0,...,d S −1 of the final Hamiltonian H (f) , resulting in an outcome m. The aim of the protocol is to estimate the work performed (or extracted) by the process Λ based on the joint probability distribution p(n, m), which itself is estimated by repeating the procedure sufficiently many times. For ideal projective measurements, the joint probability distribution can be written as [35] 
where p
n ) are the diagonal elements of the initial thermal state
n ) is the partition function w.r.t. the intial Hamiltonian and temperature, and
n ⟩ 2 is the transition probability from an initial energy eigenstate E m ⟩. The work distribution, i.e., the probability density for performing (or extracting) the work W given the process Λ is defined as
On average the work spent or extracted by the process Λ is then obtained by integration, i.e.,
where the integral is taken over all possible values of work. The average work can be written in terms of the joint probability p(n, m) by inserting Eq. (A.
2.2) into Eq. (A.2.3), resulting in the expression
Let us now consider the TPM scheme when the ideal projective measurements are replaced by non-ideal measurements as described in Sec. A.1. We discuss each step of the process in detail below.
First Measurement
First, note that the initial system state for the TPM scheme is a Gibbs equilibrium state at the ambient temperature. That is, here the system state to be measured during the first measurement is ρ S = τ (0) (β), given by
with
n at time t 0 . Then, we assume that the first non-ideal measurement is performed in the eigenbasis of H (0) . We assume that this measurement, though non-ideal, is unbiased [property (i) described in Sec. A.1], such that a measurement result n is obtained with probability p
n ). Moreover, we restrict our investigation to non-ideal unbiased measurements that achieve maximal correlation C max (UMC measurements) and either have minimal energy or are minimal energy minimally invasive measurements, properties 1 and 2, respectively, such that the post-measurement state of the system is diagonal w.r.t. the measurement basis, i.e.,
where q
ll n is the the probability to find the post-measurement system in the state E
l ⟩ given the measurement result n. In particular, the probability to correctly guess the energy eigenstate E (0) n ⟩, when the pointer shows n is given by q (0) nn n , which has the value
for UMC measurements. The conditional probabilities q
ll n are functions of the temperature T = 1 β, and the pointer energies (since the initial pointer state is also a thermal state at ambient temperature T ), but because the measurement is unbiased, the conditional state ρ (0) n is independent of the system state τ (0) before the measurement.
Evolution
After the initial non-ideal measurement, the post-measurement conditional state ρ
n is evolving according to the unitary U Λ corresponding to the process Λ. The unitary U Λ can be written as time evolution from an initial time t 0 to a final time t f , U Λ = T + exp −i ∫ t f t0 H(λ t ) dt, where T + denotes time-ordering, and λ t is a control parameter for the time-dependent Hamiltonian such that H(λ t0 ) = H (0) and H(λ t f ) = H (f) . The time-evolved state prior to the second measurement is thus
Finally, a second non-ideal measurement is performed on ρ
. Once again, since the measurement is unbiased, the probability to obtain any particular outcome m only depends on the specific system state prior to the measurement. However, in this case this state is ρ Λ n from Eq. (A.2.8) and hence depends on the first outcome n. The conditional probability to obtain outcome m in the second measurement given outcome n in the first measurement is thus
where
Consequently, the joint probability p(n, m) is obtained by multiplying with the probability to obtain outcome n in the first measurement, i.e.,
Meanwhile, the post-measurement state after the second measurement, conditioned on having obtained outcome n and m in the first and second measurement, respectively, is
As in the first measurement, the conditional post-measurement state of the system is independent of the premeasurement system state. In this case, this implies that ρ (f) m n is indeed independent of the outcome n of the first measurement. To estimate the work in the TPM scheme, some energy must be spent on the measurement processes, where the precision in the estimate is directly dependent on the energy spent. Considering the joint probability in Eq. (A.2.10) and the definition in Eq. (A.2.2), the probability distribution for inferring the work value W is
We can now calculate the average work,
Substituting for C max in Eq. (A.2.7), we arrive at
n ) we can write the non-ideal work estimate as
Before moving on, let us give a bound for the difference between the work estimates based on ideal and non-ideal measurements. Noting that
) and Tr(
is the conditional probability to find the system in the final energy eigenstate E
m ⟩ is the probability to obtain outcome n in the second measurement given that the result of the first measurement was n, as in Eq. A.2.10. Collecting all these expressions, we can rewrite the average energy difference between the initial system state and the system state after the non-ideal TPM scheme as
Splitting this expression into two sums, one where n = l , m = k and another for which n ≠ l , m ≠ k and using q = C max for all n and m, we finally obtain
where 
At the end of the process, the system is left to thermalise to the equilibrium state τ (f) = exp(−βH (f) ) Z (f) , described by the Hamiltonian H (f) . In the time reversed protocol, the thermal state τ (f) is driven out of equilibrium to state
Appendix A.5: Jarzynski Equality for Non-Ideal Projective Measurements
In [35] it was shown that by taking the Fourier transform of the work probability distribution P (W ) one can define a following characteristic function, which we parametrise by u
We can calculate this function explicitly for the non-ideal projective measurement by substituting for the probabilities p(n, m) from Eq. (A.2.10):
n is the post measurement state of the pointer that indicates outcome n with probability p
which, in turn, we use to define the matrix
To calculate the work average ⟨exp(−βW )⟩, we calculate
Consequently, Jarzynski's equality is satisfied if ∑ n q where ∆F is the free energy ∆F = 1
ll n = 1 is not achieved in general, it is necessary to impose it. In the next section we discuss the validity of this condition, and its relation with the energy cost of performing the TPM process.
A.5.I. Single-Qubit System -Jarzynski Equality and Minimum Energy UMC Measurements Consider a qubit system (d S = 2) and an arbitrary pointer of dimension d P , the post-measurement state of which is
where M (k l) are diagonal matrices composed of the elements of the pointer probability distribution (p
Since the properties of the measurement, which we are looking to verify are not sensitive to terms appearing in the off-diagonal blocks, a convenient representation of the relevant terms of the post-measurement stateρ SP is in the following correlation matrix
.
(A.5.11)
As discussed, a measurement process must satisfy some properties. It should be unbiased, have max-correlation and minimize the energy. Additionally, we now impose that it must satisfy the Jarzynski equality. We now check how these properties are satisfied for the matrix in Eq. (A.5.11). in this way
3. (Jarzynski equality) For a qubit system, the Jarzynski equality is trivially satisfied, if the measurement achieves maximum correlation and is unbiased 
) is a permutation of the largest probability elements of the probability distribution,
The elements of the vectors → X and → Y are a decreasing order function of the energies of the system-pointer, s.t
The min-energy condition is achieved by the vectors → P * x and → P * y , which are the permutations that majorize all the other possible permutations in the sets {p
For qubits the minimum energy cost does not affect the validity of Jarzynski equality, once that the former is related to the way the elements of M (k l) are arranged inside the blocks, on the other hand the latter is achieve direct from Max Correlation and is based in relations between the traces of the blocks.
Can both Jarzysnki equality and minimum energy cost hold for every process in any dimension? In the next section we will present a counter example for qutrits, which means that for systems with dimension higher than qubits, Jarzynski equality and minimum energy cost can be achieved just in very specific scenarios.
A.5.II. The Jarzynski Equality and Minimum Energy UMC Measurements -Single-Qutrit System Let us consider a system with dimension d S = 3, with energies E k = k and temperature T = 1 β; and a d P -dimensional pointer, in a thermal state with ordered elements
. The elements of P 3 can be split into three vectors, with largest probabilities, medium and smallest one
), (A.5.20)
The density matrix of the post-measurement state can be written as the correlation matrix, In this way one has to arrange the elements of P 3 such that all are distributed in {M (k 0), M (k 1), M (k 2)} for each k = {0, 1, 2}.
2. (Max-correlation) To achieve the maximal correlation possible we have to arrange the elements of P 3 such that M (k k) are composed of the highest probabilities P L = (p The subscript index L is inserted to track the largest elements of P 3 , which appear in the matrices M (k k).
On the other hand, the max-correlation property does not fix the elements of the matrices M (k k + 1) and M (k k + 2). Additionally imposing the Jarzysnki equality or the min-energy further constrains how the elements of P 3 are arranged in the matrices M (i j).
and occurs with probability p (f) n .
2. The second step of the backward process consists of driving the system according to the time-reversed protocol {λ t = λ t f −t ; t 0 ≤ t ≤ t f }. Consequently, the system evolves according to UΛ = T + exp − ∫ t f t0 H(λ t ) dt
The relation between the forward and backward processes has been previously defined in Ref.
[62].
3. The last step consists of the final measurement in the basis E
n ⟩ of H (0) . We are interested in obtaining the joint probability of the system to be initially in an energy eigenstate E n UΛ E (f) k ⟩ 2 . By the micro-reversibility condition UΛ = U † Λ , which implies that
For non-ideal projective measurement we see that Crook's relation can achieve equality if we admit some changes to the probability distribution. First of all let us consider the work probability of the forward and backward process respectively The average of the quantity σ(m, n) defined by this ratio, can be seen to be precisely the relative entropy between the probability of the forwards and backwards processes ⟨σ⟩ = m,k 6.8) where the relative entropy of two random variables Q and P is defined D(P Q) ∶= ∑ x P (x) log
. In order to express the relation between extracting the same amount of work in the forward and backward process, one can substitute (A.6.7) into (A.6. 
) is the free energy, and P B (n m) = ∑ k p k → n q kk m P F (m n) = ∑ l p l → m q ll n is the conditional probability to find the state with energy n (m) in the end of the backward (forward) process if initially it was m (n). Therefore, a Crook's-like relation for non-ideal projective measurements can be written where γ(m, n) = log (P F (m n) P B (n m)). If ideal projective measurements are assumed in the estimation process (in other words an infinite amount of resources are available) no disturbance is created by the measurements on the system in the forward and backward processes, which implies that = q mm ′ n = δ m,m ′ δ m,n , and γ(m, n) = 0. Therefore Eq. (A.6.11) results in the well known Crook's relation
(−W ) = e −β(W −∆F ) P F (W ).
(A.6.13)
